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The cave
You are in a dungeon consisting of a number of rooms.
Passages are marked with coloured arrows. Each room
contains a special door; in one room, the door leads to freedom,
but in all the others, to instant death. You have a schematic
map of the dungeon, but you do not know where you are.
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You can check that (Blue, Red, Blue, Blue) takes you to room 3
no matter where you start.
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Automata

An automaton is a machine which can be in any of a set of
internal states which cannot be directly observed.

We can force the machine to make any desired sequence of
transitions (each transition being a mapping from the set of
states to itself).

We can represent an automaton as an edge-coloured directed
graph, where the vertices are the states, and the colours are the
transitions. We require that the graph should have exactly one
edge of each colour leaving each vertex.
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Automata and reset words

Suppose that you are given an automaton (whose structure you
know) in an unknown state. You would like to put it into a
known state, by applying a sequence of transitions to it. Of
course this is not always possible!

A reset word is a sequence of transitions which take the
automaton from any state into a known state; in other words,
the composition of the corresponding transitions is a constant
mapping.
An automaton is said to be synchronizing if it has a reset word.
Not every automaton is synchronizing. For example, if every
transition is a permutation of the states, then every sequence of
transitions also results in a permutation; no such sequence
produces a constant mapping.
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Applications

I Industrial robotics: pieces arrive to be assembled by a
robot. The orientation is critical. You could equip the robot
with vision sensors and manipulators so that it can rotate
the pieces into the correct orientation. But it is much
cheaper and less error-prone to regard the possible
orientations of the pieces as states of an automaton on
which transitions can be performed by simple machinery,
and apply a reset word before the pieces arrive at the robot.

I Bioinformatics: If a soup of DNA molecules is to perform
some computation, we need the molecules to be all in a
known state first. We can simultaneously apply a reset
word to all of them, where the transitions are induced by
some chemical or biological process.
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The Černý Conjecture

This old conjecture, dating from the 1960s, is still open. Černý
Conjecture asserts that, if an n-state automaton is
synchronizing, then it has a reset word of length at most
(n− 1)2.

It is known that, if true, this would be best possible.
The conjecture has resisted all attempts for more than forty
years!
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Automata for algebraists

An automaton has a finite set V of states, and a finite number of
transitions, maps from V to itself.

We are allowed to compose transititions in any order. So we
can contain any element in the monoid generated by the
transitions, a sub-monoid of the full transformation monoid on
V. (A monoid is a semigroup with identity element.)
So an automaton can be regarded as a transformation monoid
with a distinguished set of generators. It is synchronizing if
and only if it contains a “constant function” (mapping the
whole of V to a single point).
It turns out that there is just one obstruction to synchronization
. . .
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Graphs and homomorphisms

A graph consists of a set of vertices, some pairs of which are
joined by (undirected) edges.

A homomorphism from a graph X to a graph Y is a map from
the vertex set of X to that of Y which maps edges to edges. We
don’t care what happens to a non-edge: it may map to a
non-edge or to an edge or even collapse onto a single vertex.
An endomorphism of X is a homomorphism from X to X. The
endomorphisms of a graph X form a monoid, denoted by
End(X).
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Chromatic number and clique number

The clique number ω(X) of X is the largest number of mutually
adjacent vertices, while the chromatic number χ(X) is the
smallest number of colourse needed to colour the vertices so
that adjacent vertices have different colours. Clearly
ω(X) ≤ χ(X).
It is easy to see that

I there is a homomorphism from Km to X if and only if
ω(X) ≥ m;

I there is a homomorphism from X to Km if and only if
χ(X) ≤ m.

Thus, ω(X) = χ(X) if and only if X is homomorphically
equivalent to a complete graph (that is, has homomorphisms in
both directions).
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Synchronization and homomorphisms

Theorem
A transformation monoid M on V is non-synchronizing if and only if
there exists a non-null graph X on V, with ω(X) = χ(X), such that
M ≤ End(X).

If M ≤ End(X), then M is not synchronizing: no element has
rank smaller than ω(X). Conversely, given M, construct a
graph X by joining v to w if and only if no element of M maps v
and w to the same point. It is not hard to show that
M ≤ End(X), that ω(X) = χ(X), and that X is the null graph if
and only if X is synchronizing.
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Monoids and groups

We already observed that transitions which are permutations
are bad for synchronization.

Araújo and Steinberg had the idea of treating these transitions
separately. They generate a group of permutations of the set V.
For which permutation groups G is it the case that, for every
transformation f which is not a permutation, the monoid 〈G, f 〉
is synchronizing? With some abuse of terminology, they call the
group G synchronizing if this property holds.
The hope was that, if G is synchronizing, then we can express
the constant function in 〈G, f 〉 concisely in terms of f and a
generating set for G.
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Araújo and Steinberg had the idea of treating these transitions
separately. They generate a group of permutations of the set V.
For which permutation groups G is it the case that, for every
transformation f which is not a permutation, the monoid 〈G, f 〉
is synchronizing? With some abuse of terminology, they call the
group G synchronizing if this property holds.
The hope was that, if G is synchronizing, then we can express
the constant function in 〈G, f 〉 concisely in terms of f and a
generating set for G.



Synchronizing permutation groups

From our earlier theorem, we see:

Theorem
A permutation group G on V is non-synchronizing if and only if
there is a non-trivial graph X (i.e. not complete or null) on V with
ω(X) = χ(X) such that G ≤ Aut(X).

This theorem is the basic tool for determining whether a
permutation group is synchronizing.
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Synchronization and permutation group properties

A permutation group G is primitive if it preserves no
non-trivial equivalence relation on its domain.

It follows from the theorem that, if G is synchronizing, then
I G is transitive;
I G is primitive.

For an intransitive or imprimitive group preserves a disjoint
union of complete graphs.
However, not every primitive group is synchronizing, and
often it requires hard combinatorics to decide whether the
property holds.
It is hoped that with our better knowledge of primitive groups
we may learn more about synchronization!
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Random synchronization

Theorem
A single random transformation on an n-set generates a
synchronizing monoid with probability 1/n.

Conjecture

Two independent random transformations on an n-set generate a
synchronizing monoid with probability 1− o(1).
The proof of the theorem is a lovely application of Joyal’s proof
of Cayley’s theorem about spanning trees.
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Joyal’s proof

Joyal defines a vertebrate to be a tree with two distinguished
vertices, the head and the tail. The backbone is the path from
the head to the tail.

Cayley’s Theorem is equivalent to the statement that the
number of vertebrates on n points is nn, or (put another way)
that it is equal to the number of endofunctions on n points
(functions from the set of n points to itself).
To prove this we look at vertebrates and endofunctions.
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Joyal’s proof

To construct a vertebrate:

I Choose a subset to be the backbone.
I Put a total order on it (head to tail).
I Attach trees.

To construct an endofunction:
I Choose a set to be the periodic points.
I Put a permutation on it.
I Attach trees (feeding in).

The number of total orders of k points is equal to the number of
permutations of k points, viz. k!.
Hence the number of vertebrates on n points is equal to the
number of endofunctions on n points, viz. nn.
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Random automaton with one transition

Joyal’s proof shows that the number of vertebrates with k
points in the backbone is equal to the number of endofunctions
with k periodic points. Using this we can prove that the
probability that a single endofunction synchronizes is 1/n.

Proof.
The automaton synchronizes if and only if the endofunction
has a unique periodic point.
The vertebrate has backbone of size 1 if and only if the head is
equal to the tail; this event has probability 1/n.
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Towards a proof of the conjecture?

Two random transformations don’t synchronize if and only if
they are contained in some maximal non-synchronizing
submonoid of the full transformation monoid.

So we need to
I describe the maximal non-synchronizing monoids;
I do enough inclusion-exclusion to show that they cover

only a small part of the full transformation monoid.
The first step has been done (after a fashion); the second seems
more difficult!
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