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Outline of tutorial
1. An open problem in Information Theory

2. Network Coding and link to Guessing Games 

3. Guessing Games and Graph Entropy (basic results)

4. Guessing Games and Graph Entropy (some new results)

5. The term model and Dispersion in communication networks  
     (very brief presentation of some new results)



1. An open problem in Information Theory

Shannon’s laws of information theory
Let A,B and C be collections of discrete random variables over and alphabet 
A

The entropy of A is given by: 

The conditional entropy of A given B:

The mutual information between A and B:

The mutual information between A and B, given C
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1. An open problem in Information Theory
Shannon’s laws of information theory

                       
Submodular inequality:
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1. An open problem in Information Theory

Let Ω ={X1,X2,X3,X4} be 4 stochastic variables with values in some 
finite set A
The 15 joint entropies 
H(X1),H(X2),H(X3),H(X4),H(X1,X2),H(X1,X3),
H(X1,X4), H(X2,X3), ...., H(X1,X2,X3,X4)
define a point p(Ω) in a 15-dimensional space. 
We call all points we can generate this way entropic.
Let Γ4 denote all entropic points that arise from some Ω 

Fundamental problem: Describe Γ4  as well as the closure of Γ4

Obstacle: Shannon’s laws of information theory are insufficient to
describe Γ4 
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1. An open question in Information Theory

Generalise this and get the set Γn of entropic point in 
2n-1 dimensional space.
Fundamental problem: Describe Γn  as well as the 
closure of Γn

Zhang and Yeung discovered a new law of information theory given by 
the “non-Shannon” inequality 
   I(A; B) ≤ 2I(A; B | C) + I(A; C | B) + I(B; C | A) + I(A; B | D) + I(C; D)
Later Dougerthy, Freiling and Zeger and other authors produced 
(usually computer generated) many other non-shanon information 
inequalities.

Theorem: T. Chan and A. Grant (2008) 
There are non-linear laws of information theory (that does not follow 
from any finite collection of linear laws).
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In Internet and wireless communication messages are treated 
similarly to cars in a traffic system

In communication messages are split into packets

In data storage data are split into disjoint items 

2. Network Coding and link to Guessing Games



Example 1: (Satellite Communication) 

Yeung and Zhang (1999)

Message x ∈ A to be 
sent from east to west

Message y ∈ A to be 
sent from west to east

The satellite transmits a 
message f(x,y) ∈ A 

2. Network Coding and link to Guessing Games



Example 2: The Butterfly Network

2. Network Coding and link to Guessing Games



Example 3: (Orthogonal Latin Squares)

Two messages x,y ∈ A

have to be stored at 4 
locations. Find functions 
f,g: A2 → A

such that x and y can be 
reconstructed from 
knowing any two of the 
values:

x, y, f(x,y), g(x,y)

2. Network Coding and link to Guessing Games
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2. Network Coding and link to Guessing Games

Two messages x,y ∈ A stored at 4 
locations. 

Find functions f,g: A2 → A such that 
x and y can be reconstructed from 
knowing any two of the values:

x, y, f(x,y), g(x,y)
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Observation:
f,g: A2 →A solves the problem if and only (f,g) defines 
two orthogonal latin squares of order |A|



 2. Network Coding and link to Guessing Games

Guessing Game (Riis 2005)
Requirements:
A Directed Graph with n nodes (n players) and n fair dice with  s 

sides.

Rules:  The players/nodes can agree on a protocol in advance. Each 
player rolls their die. A player is typically  NOT allowed to see the value 
his/her own die value.

Each player is only allowed to see the die values of the “in going” 
neighbours. 

The play: The game is a cooperative game. Each player has to guess 
(possible by following some protocol) the value of their own dice. No 
communication between the players is allowed. 

     The players have to make their guess simultaneously (and 
independently).

Task:  Maximise the probability each player guesses correctly the value 
of their own die. 



2. Network Coding and link to Guessing Games

Question: What is the probability that each player 
guesses correctly the value of their own die?

Naïve (wrong) answer: Each player has no “relevant” 
information about their own die value. Each player 
has probability 1/s of guessing their own dice value. 
The n dice values are independent so the probability 
all players guess correctly is (1/s)n

Example: s=6 and n=100
Random strategy succeeds with probability 
1/6533186235000709060966902671580578205371437104729548715430

71966369497141477376

Optimal: 1/6



2. Network Coding and link to Guessing Games

Optimal strategy: Each player guesses under the 
assumption that the sum of all dice values is 0 modulo 
s.  

The optimal guessing strategy succeeds with 
probability 1/s

s(n-1)  times better

The power n-1 in the factor s(n-1) plays an important 
role in our theory.



2. Network Coding and link to Guessing Games

Definition:
   The guessing the number of a strategy
   is α if the probability that the players succeed 

is sα times higher than the probability of 
success if they use uncoordinated random 
guessing.

 



2. Network Coding and link to Guessing Games

The complete graph Kn with bi-directed 
edges has guessing number is n-1 
(independent of s), because we can do

s(n-1) times better than random guessing.



2. Network Coding and link to Guessing Games

• Examples:

guess(Kn)=n-1 



2. Network Coding and link to Guessing Games

Example: 
   The graphs Cn oriented as a loop have 

guessing number 1 

guess(Cn)=1



2.Guessing games and Graph Entropy (basic results)

Consider the following 
guessing strategy:

Global description:
Each player assumes that

all dice values are the same. 

Local description: 
Each player guesses their
Dice value is the same as the dice value they see.

This strategy succeed with probability (1/s)(n-1)

i.e. with a factor s=s1 better than random 
guessing. Thus Cn has guessing number ≥ 1 



2. Guessing Games and Graph Entropy (basic results)

Are there any better guessing strategies for Cn (viewed 
as an oriented graph)?

This type of question can be answered naturally by use 
of information theory 
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Network Coding ↔ Guessing Numbers

Let N be a network with k input/output pairs.  If we identify each input 
node with its corresponding output node, we get a graph GN.

Theorem:[Riis 2005]  N has a Network coding solution over alphabet A 
if and only if GN has guessing number ≥ k (equivalent = k) over A. 
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2. Guessing Games and Graph Entropy (basic results)
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Network Coding ↔ Guessing Numbers

(continued)

An even a stronger result is valid: 

Theorem: [Riis 2005] Let N be a network with k 

    input/output pairs. The number of distinct 
network coding solutions to N is identical to the 
number of distinct guessing strategies for GN  
that achieve guessing number k  

   (the solutions are counted with respect to the same alphabet A).
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2. Guessing Games and Graph Entropy (basic results)
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Network Coding ↔ Guessing Numbers

(continued)

2. Guessing Games and Graph Entropy (basic results)
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Network Coding ↔ Guessing Numbers

(continued)

2. Guessing Games and Graph Entropy (basic results)
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Network Coding ↔ Guessing Numbers

(continued)

The networks in b,c and d all appear by “splitting” the 
graph G  in a. 

    “Splitting” is the opposite operation as identifying 

     input/output pairs. 

    The networks in b,c and d have exactly the same 
number of network coding solutions (over a fixed 
alphabet A). This number is identical to the number of 
guessing strategies (over A)  that achieve guessing number 
3 for G.
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2. Guessing Games and Graph Entropy (basic results)



3.Guessing games and Graph Entropy (basic results)

Graph entropy - how to calculate the guessing 
number of a graph.

Let G be a directed graph and let A={1,2,..,s} 
be an alphabet with s ≥ 2 letters.  

Consider any fixed guessing strategy agreed by 
the players. 



3.Guessing games and Graph Entropy (basic results)

Define a code C that consists exactly of the 
words that correspond to dice assignment 
where all players are correct.  

Assume that C contains m words. 



3.Guessing Games and Graph Entropy (basic results)

The entropy of C is logs(m) if we assume that each word w1w2…wn 
in C has the same probability (namely, 1/m).  

Notice that we calculate the entropy in base s.
Let x1,x2,…,xn be stochastic variables, where xj is the value of the 

jth  letter wj of the chosen word.
Then H(C )= logs(m) , and H(xj) ≤ 1. Besides that crucially
Information constraints determined by the graph G:
For each node j, we have the condition
H(xj | xi1,xi2,…,xid)=0  where i1,i2,…,id are all incoming nodes to j.  
To simplify the notation we write this as  H(j | i1, i2, ….,id)=0        
 



3. Guessing Games and Graph Entropy (basic results)

Now let us return to the graph Cn 

(oriented) 

H(1,2,…,n)=H(1,2,…,n-1)

=H(1,2,…,n-2)=….=H(1) ≤ 1 

This shows that each guessing strategy
is successful at most s=s1 times among all sn 

words of length n. Thus the entropy 
calculation shows that the guessing number 
of Cn (oriented) is at most 1. 
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3. Guessing Games and Graph Entropy (basic results) 
Theorem:
Each perfect graph* on n nodes has Guessing number 
given by  n - maximal clique cover   D. Christofides and K. 
Markström (2011)

*A perfect graph is a graph in which the chromatic number of every induced subgraph equals the size of 
the largest clique of that subgraph. It can be shown that a graph is perfect if and only if the graph has no 
odd holes or odd anti-holes.

Conjecture by  D. Christofides and K. Markström (2011)**

The Guessing number of an undirected Graph is given by n - fractional  
clique cover number i.e. there is an optimal strategy that occurs by splitting 
each die into multiple die and dividing players into groups where each play 
the clique game for their shared die.

**This conjecture were recently disproved by Baber, Christofides, Dang and Riis  

 



3.Guessing Games and Graph Entropy (basic results)

Non-trivial example (the is the smallest non-perfect graph).
Consider the pentagon C5 with bi-directed edges.  Let A be 

an alphabet with s letters.  
Assume that s is a square number i.e. that s=t2 for some 

t=2,3,4,…



3. Guessing Games and Graph Entropy (basic results)

W.l.o.g. we can assume that each of the 5 
players has assigned two dice (each of t 
sides). One labeled “l”for left, and one labeled 
“r” for right. 



3. Guessing Games and Graph Entropy (basic results)

Guessing strategy for C5 : 
Global description: Each “left” die has the same value as its 

corresponding “right” die. 
This strategy succeeds with
probability (1/t)5 = (1/s)2.5



3. Guessing Games and Graph Entropy (basic results)

This shows that pentagon has guessing number 2.5 if 
s=4,9,16,25,… is square number.

Proposition: Any guessing strategy for C5 leads to 
code C of entropy  ≤ 2.5   (i.e. C5 has guessing number ≤ 
2.5)

  



3. Guessing Games and Graph Entropy (basic results)

Proof of proposition:
Let H be the entropy function corresponding to the code C. In general H 

satisfies  H(X,Y,Z) + H(Z ) ≤ H(X,Z) + H(Y,Z).  
If we let X={1}, Y={3} and Z={4,5} we get:

H(1,2,3,4,5)+H(4,5) = H(1,3,4,5) + H(4,5) 
≤ H(1,4,5) + H(3,4,5) = H(1,4)+H(3,5) 
≤ H(1) +H(3) +H(4) +H(5) and thus
H(1,2,3,4,5) ≤ H(1)+H(3)+H(4)+H(5)-H(4,5)

Next notice that H(1,2,3,4,5)=H(2,3,4,5)=H(2,4,5) ≤ H(2)+H(4,5) 

Adding up: 2H(1,2,3,4,5) ≤ H(1)+H(2)+H(3)+H(4)+H(5) ≤ 5 
Thus:  H(1,2,3,4,5) ≤ 2.5



3. Guessing Games and Graph Entropy (basic results) 
The entropy calculation in the previous section used Shannon’s information 

inequalities to derive an upper bound on the guessing number. 

Definition: 
The pseudo entropy (“Shannon entropy” in some papers) of a graph is 

the minimal upper bound on the guessing number that can be derived 
from Shannon’s information inequalities.   

H(X,Y,Z) + H(Z) ≤ H(X,Z) + H(Y,Z) and H(Ø)=0
together with the constraints H(vertex) ≦ 1, and
H(j| V)=0 whenever all incoming nodes to j belongs to V.

Example: C5 has pseudo entropy = 2.5  (=entropy of  C5)



4. Guessing Games and Graph Entropy (new results) 
The entropy calculation in the previous section used Shannon’s information 

inequalities to derive an upper bound on the guessing number. 

Definition: 
For the Zhang and Yeung (=ZY) non-shanon information inequalities we can 

define the ZY- entropy of a graph is the minimal upper bound on the guessing 
number that can be derived from ZY information inequalities.   

I(A; B) ≤ 2I(A; B | C) + I(A; C | B) + I(B; C | A) + I(A; B | D) + I(C; D)
(H(X,Y,Z) + H(Z) ≤ H(X,Z) + H(Y,Z) not needed)  and H(Ø)=0
together with the constraints H(vertex) ≦ 1, and
H(j| V)=0 whenever all incoming nodes to j belong to V.

Example: pseudo entropy ≽ zy-entropy ≽ entropy 



4. Guessing Games and Graph Entropy (new results) 

Example: C5 has pseudo entropy = 2.5  (=entropy of  C5)
Example: (with Anh, Baber, Christofides) All (bi-directed) graphs 

on 9 or fewer nodes have pseudo entropy = entropy.
Example: (with Anh, Baber, Christofides) There exists a (bi-directed) 

graph on 10 nodes with:  

pseudo entropy=114/17=6.7059... 
zy-entropy 1212/181= 6.6961....
entropy≼ 59767/8929 = 6.6936...  (acieved by combiningon 

214 published non-shanon information inequalities.

A lower bound on the entropy can be calculated by the 
ingelton inequality  (linear rank inequality)
I(A; B) ≤ I(A; B|C) + I(A; B|D) + I(C; D)
This bound is 20/3 = 6.666...



4. Guessing Games and Graph Entropy (new results) 

Fundamental questions: 
Is it possible to amplify the above result and construct 
graph(s) where there is a huge gap between the pseudo 

entropy, the zy-entropy and the genuine entropy?
Is it common that large (random) graphs has a big gap 

between the pseudo entropy and the genuine entropy?
Clarify the relationship between Γ4  (or Γn  in general) and 

graph entropies.

More question will be presented in my talk tomorrow 
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4. Dispersion in communication networks
         (very brief presentation of some new results)

There is a reduction from solvability and designing 
optimal network coding codes (including network coding 
dynamic networks) to the following type of problem.

Let  t1=s1,t2=s2,....,tk=sk be k-term equations in variables 
x1,x2,...,xn. 
We are interested to determine the maximal number of 
solutions  over finite universal algebras of size s, where 
the function symbols in the terms are interpreted. 
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4. Dispersion in communication networks 
     (very brief presentation of some new results)

Theorem (Riis 2012) 
The maximal number of solutions to a collection of term 
equations is - up to a constant factor (independent of s)- 
given by 
            sGuess(G,s)

(s is size of the universal algebra where the terms are 
interpreted and G is a directed graph that can be 
constructed by purely syntactical means from the term 
equations)
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3. Dispersion in communication networks 
      (very brief presentation of some new results)

For any given graph G it is possible to construct term equations such that G 
is the graph arising from these term equations.

Corollary:
The number of solutions cannot be bound efficiently by use of Shannon’s 
information inequalities.
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3. Dispersion in communication networks 
      (very brief presentation of some new results)

Theorem (Riis 2012): It is undecidable to determine if the number of 
solutions to a given system of term equations is identical to  sGuess(G,s) for 
some s.  

Question: For n ≽4 Is the entropy cone Γn  “decidable” i.e. is it decidable if 
a given “rational” point q belongs to  Γn ?

Certain longstanding open questions in circuit complexity (e.g. Valiants 
Shift problem) can be reduced to questions about guessing games.

The power of our theory on graph entropy and guessing numbers can be 
illustrated  demonstrated by these methods made it possible to settle 3 out 
of 4 longstanding combinatorial conjectures by Leslie Valiant.  (Riis 2007, 
Christofides+Riis 2012).


